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ABSTRACT. It is supposed that a multidimensio-
nal manifold undergoes a spontaneous compactification
M −→M 4×∏n

i=1Mi, where M 4 is the 4−dimensional
external space-time and Mi are compact internal spa-
ces. Conformal excitations of the internal space me-
tric can be observed as massive and massless scalar fi-
elds (gravitational excitons) in the external space-time.
Specific interaction features of gravitational excitons
with gravitons are considered.
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1. Introduction

The large scale dynamics of the observable part
of our present time universe is well described by
the Friedmann model with 4-dimensional Friedmann-
Robertson-Walker (FRW) metric. However, it is possi-
ble that space-time at short (Planck) distances might
have a dimensionality of more than four and possess
a rather complex topology. String theory (Green,
Schwarz, Witten 1987) and its recent generalizations —
p-brane, M- and F-theory (Strominger, Vafa 1996; Duff
1996) widely use this concept and give it a new foun-
dation. From this viewpoint, it is natural to generalize
the Friedmann model to multidimensional cosmologi-
cal models (MCM) with topology (Ivashchuk, Melni-
kov, Zhuk 1989)

M = R×M0 ×M1 × . . .×Mn , (1.1)

where for simplicity the Mi (i = 0, . . . , n) can be as-
sumed to be di−dimensional Einstein spaces. M0 usu-
ally denotes the d0 = 3 - dimensional external space.

One of the main problems in multidimensional mo-
dels consists in the dynamical process leading from a
stage with all dimensions developing on the same scale

to the actual stage of the universe, where we have only
four external dimensions and all internal spaces have
to be compactified and contracted to sufficiently small
scales, so that they are apparently unobservable. To
make the internal dimensions unobservable at the ac-
tual stage of the universe we have to demand their con-
traction to scales 10−17cm — 10−33cm (between the
Fermi and Planck lengths). This leads to an effectively
four-dimensional universe.

In the present paper we briefly review some recent
results connected with different aspects of multidimen-
sional gravitational models (Günther, Zhuk 1997a,b,
1998; Günther, Starobinsky, Zhuk 1999).

1. We show that inhomogeneous fluctuations of the
scale factors of internal factor spaces in MCMs can
be interpreted as scalar particles (gravitational exci-
tons) in our observable (D0 = 4)−dimensional external
space-time.

2. We point out some specific features of interac-
tion and propagation of gravitational excitons and gra-
vitons in the presence of inhomogeneous scale factor
backgrounds.

3. A consideration of the interaction of gravitational
excitons with abelian gauge fields allows us to indicate
some specific astrophysical implications related to gra-
vitational excitons as well as some possible observable
consequences connected with their existence.

4. Starting from the fact that according to present
day observations the dynamical behaviour of the uni-
verse after inflation is well described by the standard
Friedmann model in the presence of a perfect fluid we
show that this approach can be generalized to the des-
cription of the postinflationary stage in multidimensi-
onal cosmological models. We derive a class of models
where, from one side, the internal spaces are stable
compactified near Planck scales and, from the other
side, the external universe behaves in accordance with
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the standard Friedmann model.

2. Gravitational excitons

In this section we describe the basic features of our
model and show how gravitational excitons necessa-
rily occure in higher dimensional gravitational theories
(Günther, Zhuk 1997a,b).

Let us consider a multidimensional space-time ma-
nifold

M = M̄0 ×M1 × . . .×Mn (2.1)

with decomposed metric on M

g = gMN (X)dXM ⊗ dXN = g(0) +

n∑

i=1

e2βi(x)g(i),

(2.2)
where x are some coordinates of the D0 = d0 + 1 -
dimensional manifold M̄0 and

g(0) = g(0)
µν (x)dxµ ⊗ dxν. (2.3)

Let manifolds Mi be di-dimensional Einstein spaces

with metric g(i) = g
(i)
mini(yi)dy

mi

i ⊗ dyni

i , i.e.,

Rmini

[
g(i)
]

= λig(i)
mini

, mi, ni = 1, . . . , di (2.4)

and
R
[
g(i)
]

= λidi ≡ Ri. (2.5)

In the case of constant curvature spaces parameters λi

are normalized as λi = ki(di − 1) with ki = ±1, 0.
Internal spaces Mi (i = 1, . . . , n) may have nontri-
vial global topology, being compact (i.e. closed and
bounded) for any sign of spatial topology (Wolf 1967,
Fagundes 1992, 1993).

With total dimension D = 1 +
∑n

i=0 di, κ
2 a D-

dimensional gravitational constant, Λ - a D-dimensio-
nal bare cosmological constant and SY GH the standard
York-Gibbons-Hawking boundary term (York 1972,
Gibbons, Hawking 1977), we consider an action of the
form

S =
1

2κ2

∫

M

dDX
√

|g| {R[g]− 2Λ}+ Sadd + SY GH .

(2.6)
The additional potential term

Sadd = −
∫

M

dDX
√

|g|ρ(x) (2.7)

is not specified and left in its general form, taking into
account the Casimir effect (Candelas, Weinberg 1984),
the Freund - Rubin monopole ansatz (Freund, Rubin
1980), a perfect fluid (Gavrilov, Ivashchuk, Melnikov
1995; Kasper, Zhuk 1996) or other hypothetical po-
tentials (Bleyer, Zhuk 1995; Günther, Kriskiv, Zhuk

1998). In all these cases ρ depends on the external co-

ordinates through the scale factors ai(x) = eβi(x) (i =
1, . . . , n) of the internal spaces.

After dimensional reduction the action reads

S =
1

2κ2
0

∫

M̄0

dD0x
√
|g(0)|

n∏

i=1

ediβi ×

×
{
R
[
g(0)

]
− Gijg

(0)µν∂µβ
i ∂νβ

j+

+

n∑

i=1

R
[
g(i)
]
e−2βi − 2Λ− 2κ2ρ

}
, (2.8)

where κ2
0 = κ2/VI is the D0-dimensional gravitational

constant and

VI =

n∏

i=1

vi =

n∏

i=1

∫

Mi

ddiy

√
|g(i)| (2.9)

defines the internal space volume corresponding to the
scale factors ai ≡ 1, i = 1, . . . , n . Gij = diδij − didj

(i, j = 1, . . . , n) is the midisuperspace metric (Ivash-
chuk, Melnikov, Zhuk 1989; Rainer, Zhuk 1996). The
action functional (2.8) is written in the Brans-Dicke
frame. A conformal transformation to the Einstein
frame

g(0)
µν = Ω2g̃(0)

µν , (2.10)

with

Ω = exp

(
− 1

D0 − 2

n∑

i=1

diβ
i

)
(2.11)

yields

S =
1

2κ2
0

∫

M0

dD0x
√
|g̃(0)|

{
R̃
[
g̃(0)

]
−

− Ḡijg̃
(0)µν∂µβ

i ∂νβ
j − 2Ueff

}
. (2.12)

The tensor components of the midisuperspace metric
(target space metric on Rn

T ) Ḡij (i, j = 1, . . . , n), its
inverse metric Ḡij and the effective potential are re-
spectively

Ḡij = diδij +
1

D0 − 2
didj, (2.13)

Ḡij =
δij

di
+

1

2 −D
(2.14)

and

Ueff=

(
n∏

i=1

ediβ
i

)
−

2
D0−2

[
−1

2

n∑

i=1

Rie
−2βi

+ Λ + κ2ρ

]
.

(2.15)
We recall that ρ depends on the scale factors of the in-
ternal spaces: ρ = ρ

(
β1, . . . , βn

)
. Thus, we are led to

the action of a self-gravitating σ−model with flat tar-
get space (Rn

T , Ḡ) (2.13) and self-interaction described
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by the potential (2.15). It can be easily seen that the
problem of the internal spaces stable compactification
reduces now to a search of models that provide minima
of the effective potential (2.15). It is important to note
that the conformal transformation (2.10) is performed
with respect to the external metric g(0). Thus, stable
configurations of the internal spaces do not depend on
the choice of the frame. However, in the present paper
the Einstein frame is considered as the physical one
(Cho 1992; Litterio et al 1996).

As next step we bring midisuperspace metric (target
space metric) (2.13) by a regular coordinate transfor-
mation

ϕ = Qβ, β = Q−1ϕ (2.16)

to a pure Euclidean form

Ḡijdβ
i ⊗ dβj = σijdϕ

i ⊗ dϕj =
∑n

i=1 dϕ
i ⊗ dϕi,

Ḡ = QTQ, σ = diag(+1,+1, . . . ,+1).
(2.17)

(The superscript T denotes the transposition.) An ap-
propriate transformation Q : βi 7→ ϕj = Qj

iβ
i is given

e.g. by

ϕ1 = −A∑n
i=1 diβ

i,

ϕi = [di−1/Σi−1Σi]
1/2∑n

j=i dj(β
j − βi−1),

(2.18)
i = 2, . . . , n, where Σi =

∑n
j=i dj,

A = ±
[

1

D′

D − 2

D0 − 2

]1/2

(2.19)

and D′ =
∑n

i=1 di. So we can write action (2.12) as

S =
1

2κ2
0

∫

M̄0

dD0x
√
|g̃(0)|

{
R̃
[
g̃(0)

]
−

− σikg̃
(0)µν∂µϕ

i ∂νϕ
k − 2Ueff

}
(2.20)

with effective potential

Ueff=e
2

A(D0−2)
ϕ1

(
−1

2

n∑

i=1

Rie
−2(Q−1)i

kϕk

+Λ + κ2ρ

)
.

(2.21)

In this section let us for simplicity consider models
with a constant scale factor background localized in one
of the minima ~ϕc, c = 1, ...,m of the effective potential
∂Ueff

∂ϕi

∣∣∣
~ϕc

= 0. Then, for small field fluctuations ξi ≡
ϕi −ϕi

(c) around the minima the potential (2.21) reads

Ueff = Ueff (~ϕc) +
1

2

n∑

i,k=1

Ā(c)ikξ
iξk +O(ξiξkξl) ,

(2.22)

where the Hessians

Ā(c)ik :=
∂2Ueff

∂ξi ∂ξk

∣∣∣∣
~ϕc

(2.23)

are not vanishing identically. The action functional
(2.20) reduces to a family of action functionals for the
fluctuation fields ξi

S =
1

2κ2
0

∫

M̄0

dD0x
√
|g̃(0)|

{
R̃
[
g̃(0)

]
− 2Ueff (~ϕc)−

− σikg̃
(0)µν∂µξ

i ∂νξ
k − Ā(c)ikξ

iξk
}
, (2.24)

c = 1, ...,m.

It remains to diagonalize the Hessians Ā(c)ik by appro-
priate SO(n)−rotations Sc :
ξ 7→ ψ = Scξ, ST

c = S−1
c

Āc = ST
c M

2
c Sc, M2

c = diag(m2
(c)1,m

2
(c)2, . . . ,m

2
(c)n),
(2.25)

leaving the kinetic term σikg̃
(0)µν∂µξ

i ∂νξ
k invariant

σikg̃
(0)µν∂µξ

i ∂νξ
k = σikg̃

(0)µν∂µψ
i ∂νψ

k, (2.26)

and we arrive at action functionals for decoupled nor-
mal modes of linear σ−models in the background me-
tric g̃(0) of the external space-time:

S =
1

2κ2
0

∫

M̄0

dD0x
√
|g̃(0)|

{
R̃
[
g̃(0)

]
− 2Λ(c)eff

}
+

+
n∑

i=1

1

2

∫

M̄0

dD0x
√

|g̃(0)| ×

×
{
−g̃(0)µνψi

,µψ
i
,ν −m2

(c)iψ
iψi
}

c = 1, . . . ,m, (2.27)

where Λ(c)eff ≡ Ueff (~ϕc) plays the role of a D0-
dimensional effective cosmological constant and the
factor

√
VI/κ2 has been included into ψ for conveni-

ence:
√
VI/κ2ψ → ψ.

Thus, conformal excitations of the metric of the in-
ternal spaces behave as massive scalar fields developing
on the background of the external space-time. By ana-
logy with excitons in solid state physics where they are
excitations of the electronic subsystem of a crystal, the
excitations of the internal spaces were called gravitati-
onal excitons (Günther, Zhuk 1997a).

Different models which ensure minima of the ef-
fective potential were described in (Günther, Zhuk
1997a,b; Günther, Kriskiv, Zhuk 1998). Some of them
(including the pure geometrical case with ρ ≡ 0 ) sa-
tisfy following physical conditions

(i) a(c)i = eβi
c >

∼
LPl ,

(ii) m(c)i ≤ MPl ,
(iii) Λ(c)eff → 0.

(2.28)



40 Odessa Astronomical Publications, vol. 12 (1999)

The first condition expresses the fact that the inter-
nal spaces should be unobservable at the present time
and stable against quantum gravitational fluctuations.
This condition ensures the applicability of the classi-
cal gravitational equations near positions of minima of
the effective potential. The second condition means
that the curvature of the effective potential at mini-
mum points should be less than the Planckian one. Of
course, gravitational excitons can be excited at the pre-
sent time if mi � MPl . The third condition reflects
the fact that the cosmological constant at the present
time is very small: |Λ| ≤ 10−56cm−2 ≈ 10−121ΛPl,
where ΛPl = L−2

Pl . Strictly speaking, in the multi-
minimum case (c > 1) we can demand a(c)i ∼ LPl and
Λ(c)eff → 0 only for one of the minima to which corre-
sponds the present universe state. For all other minima
it may be a(c)i � LPl and |Λ(c)eff | � 0.

3. Interaction of gravitational excitons and

gravitons

In this section we give a brief sketch of some of the
basic features of the interaction between gravitational
excitons and gravitons corresponding to fluctuations of
the external metric g̃(0) (Günther, Starobinsky, Zhuk
1999). To simplify notations we shall drop the index

(0) for the external metric: g̃
(0)
µν ≡ g̃µν and use the

abbreviations

Aij :=
∂2Ueff

∂βi∂βj
, bi :=

∂Ueff

∂βi
. (3.1)

As starting point of our consideration we choose the
Euler-Lagrange equations for the scale factors and the
external metric derived by variation of the action fun-
ctional (2.12)

R̃µν − 1

2
g̃µνR̃− Tµν [β, g̃] = 0 (3.2)

and

Ḡijutβj ≡ Ḡij
1√
|g̃(0)|

∂µ

(√
|g̃(0)|g̃(0)µν∂νβ

j

)
= bi(β) ,

(3.3)
where

Tµν [β, g̃] = Ḡij∂µβ
i∂νβ

j −

−1

2
g̃µν

(
Ḡij g̃

αβ∂αβ
i∂ββ

j + 2Ueff

)

≡ Ḡij∂µβ
i∂νβ

j + g̃µνκ
2
0Lβ [β] . (3.4)

Assuming that there exists a well defined splitting of
the physical fields (g̃, β) into not necessarily constant
background components (ḡ, β̄) and small perturbatio-
nal (fluctuation) components (h, η)

g̃µν = ḡµν + hµν , (3.5)

βi = β̄i + ηi

we can perform a perturbational analysis of the inte-
raction dynamics of our model splitting the field equa-
tions (3.2) and (3.3) into an equation set defining the
dynamics of the background fields (zeroth order con-
tribution of fluctuations)

R̄µν − 1

2
ḡµνR̄− Tµν

[
β̄, ḡ

]
= 0 , (3.6)

utβ̄i =
[
Ḡ−1

]ij
bj(β̄) (3.7)

and a set of background depending linearized field equ-
ations for the fluctuational components (first order con-
tribution)

1
2hµν;λ

;λ − hλ
(µ;ν);λ +

1

2
h;µ;ν +

+
1

2
ḡµν

(
hαλ

;α;λ − h;λ
;λ
)

+
1

2
hµνR̄−

− 1

2
ḡµνh

κλR̄κλ + κ2
0Lβ̄hµν +

+
1

2
ḡµνḠij∂κβ̄

i∂λβ̄
jhκλ + (3.8)

+ Ḡij

(
∂µβ̄

i∂νη
j + ∂µη

i∂ν β̄
j
)
−

− Ḡij ḡµν ḡ
κλ∂κβ̄

i∂λη
j − ḡµνbj(β̄)ηj = 0

and

utηi −
[
Ḡ−1

]ij
Ajk(β̄)ηk =

1√
|ḡ|
∂ν

(√
|ḡ|hµν∂µβ̄

i
)
−

−1

2
ḡµν∂µβ̄

i∂νh . (3.9)

Here R̄µν and the semicolon denote the Ricci-tensor
and the covariant derivative with respect to the back-
ground metric ḡµν . Additionally we have used the
formula

g̃µν = ḡµν − hµν (3.10)

which is valid up to linear terms in h. Indices in hµν

are raised and lowered by the background metric ḡµν ,
e.g. h = hµν ḡ

µν .
Let us now generalize the normal mode formalism

applied in section 2 for the derivation of gravitati-
onal excitons over constant scale factor backgrounds
to models with non-constant scale factor backgrounds
(Günther, Zhuk 1998). For this purpose we diagonalize

matrix
[
Ḡ−1A

]i
k
≡
[
Ḡ−1

]ij
Ajk(β̄) by an appropriate

background depending SO(n)−rotation S = S(β̄)

S−1Ḡ−1AS
def
= M2 = diag

[
m2

1(β̄), . . . ,m2
n(β̄)

]

(3.11)
and rewrite Eq. (3.9) in terms of generalized normal
modes (gravitational excitons) ψ = S−1η:

ḡµνDµDνψ −M2(β̄)ψ =

(
hµν − 1

2
ḡµνh

)

;ν

Dµϕ̄+

+hµνDµDνϕ̄ , (3.12)
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where ϕ̄ are SO(n)−rotated background scale factors
ϕ̄ = S−1β̄ and M2 can be interpreted as background
depending diagonal mass matrix for the gravitational
excitons.
Dµ denotes a covariant derivative

Dµ := ∂µ + Γµ + ωµ , ωµ := S−1∂µS (3.13)

with Γµ + ωµ as connection on the fibre bundle

E(M̄0,R
D0 ⊕ Rn

T ) → M̄0 consisting of the base ma-
nifold M̄0 and vector spaces RD0

x ⊕ Rn
Tx = TxM̄0 ⊕{(

η1(x), . . . , ηn(x)
)}

as fibres. So, the background
components β̄i(x) via the effective potential Ueff and
its Hessian Aij(β̄) play the role of a medium for the
gravitational excitons ψi(x). Propagating in M̄0 filled
with this medium they change their masses as well as
the direction of their ”polarization” defined by the unit
vector in the fibre space

ξ(x) :=
ψ(x)

|ψ(x)| ∈ Sn−1 ⊂ Rn, (3.14)

where Sn−1 denotes the (n− 1)−dimensional sphere.
From (3.8), (3.9) and (3.12) we see that in the lowest

order (linear) approximation of the used perturbation
theory a non-constant scale factor background is ne-
eded for an interaction between gravitational excitons
and gravitons. For constant scale factor backgrounds
β̄ = const the system is necessarily located in one of
the minima β̄ = β(c) of the effective potential Ueff so
that bi(β(c)) = 0, κ2

0Lβ(c)
= Ueff (β(c)) = Λ(c)eff and

gravitational excitons and gravitons can only interact
via nonlinear (higher order) terms. In the linear ap-
proximation they decouple over constant scale factor
backgrounds due to vanishing terms in (3.8), (3.9) and
(3.12).

4. Interaction of gravitational excitons with

abelian gauge fields and possible astrophysical

implications

In this section we consider the zero mode case,
i.e., the case of an abelian vector potential that
depends only on the external coordinates: AM =
AM (x) (M = 1, . . . , D). Thus, for non-zero com-
ponents of the field strength tensor we have: Fµν =
∂µAν−∂νAµ (µ, ν = 1, . . . , D0) and Fµmi

= ∂µAmi
−

∂mi
Aµ = ∂µAmi

(mi = 1, . . . , di; i = 1, . . . , n).
Dimensional reduction of the action for the gauge

field yields

Sem = −1

2

∫

M

dDX
√

|g|FMNF
MN (4.1)

= −1

2

∫

M̄0

dD0x

√
|g(0)|

n∏

i=1

ediβi {FµνF
µν+

+2g(0)µν
n∑

i=1

e−2βi(x)ḡ(i)mini∂µAmi
∂νAni

}
,

where we introduced the constant metric

ḡ(i)mini ≡ 1

vi

∫

Mi

ddiy
√

|g(i)|g(i)mini(yi) (4.2)

and included the factor
√
VI into AM for convenience:√

VIAM → AM . In Eq. (4.1) we assumed F µν =
g(0)µκg(0)νδFκδ .

The exact field strength 2-form F = dA, A = Aµdx
µ

with components Fµν is invariant under gauge transfor-
mations A → Af = A+ df , i.e., Aµ → Af

µ = Aµ + ∂µf

, F f = dA + d2f = dA = F , with f(x) any smo-
oth function. Gauge invariance of F implies a gauge
invariance of the action functional (4.1).

Action functional (4.1) is written in the Brans-Dicke
frame. After conformal transformation (2.10) and with
an ansatz

Aµ = ΩkÃµ (4.3)

for the vector potential, where Ω(x) is given by (2.11),
the effective action in the Einstein frame reads

Sem = −1

2

∫

M̄0

dD0x
√
|g̃(0)|

{
Ω2(k−1)F̄µνF̄

µν+

+ 2g̃(0)µν
∑n

i=1
e−2βi(x)ḡ(i)mini∂µAmi

∂νAni

}
,

(4.4)

where
F̄µν := DµÃν −DνÃµ (4.5)

and
Dµ := ∂µ + ∂µ(ln Ωk) . (4.6)

The external space indices are raised and lowered by
the metric g̃(0) . Explicitly we have in (4.4)

F̄µνF̄
µν = F̃µνF̃

µν −
−2F̃ µν

[
Ãµ∂ν(lnΩk) − Ãν∂µ(lnΩk)

]

+2g̃(0)µκ∂µ(ln Ωk)∂κ(ln Ωk)ÃνÃν −

−2
(
Ãµ∂µ(ln Ωk)

)2

, (4.7)

where F̃ = dÃ.
In order to preserve the gauge invariance of the

action functional when passing from the Brans-Dicke
frame to the Einstein frame we have to keep the vector
potential unchanged, i.e. we have to fix the conformal
weight at k = 0 (Günther, Starobinsky, Zhuk 1999).
As result we arrive at an action functional

Sem = −1

2

∫

M̄0

dD0x

√
|g̃(0)| ×

×
{
e

2
D0−2

∑
n

i=1
diβi(x)

FµνF
µν+

+ 2g̃(0)µν
∑n

i=1
e−2βi(x)ḡ(i)mini∂µAmi

∂νAni

}
,

(4.8)
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with a dilatonic coupling of the abelian gauge potential
to the gravitational excitons. The components Ami

play the role of additional scalar fields.
Similar to string cosmology models describing the

dynamics of electromagnetic fields with dilatonic co-
upling (Gasperini, Giovannini, Veneziano 1995a,b) we
can expect in theory (4.8) an amplification of electro-
magnetic vacuum fluctuations (due to the presence of
a dynamical gravitational exciton background) which
can result in the observable cosmic microwave backgro-
und anisotropy.

Let us now discuss some astrophysical implications of
the interaction between gravitational excitons and pho-
tons. For simplicity we consider the one internal space
case (i = 1) and suppose that the scale factor backgro-
und is localized in a minimum a(c) = exp β1

(c) of the

effective potential (2.15). Then, for small scale factor
fluctuations η = β1−β1

(c) action (2.6) with Sadd ≡ Sem

(where Sem is described by Eqs. (4.1) and (4.8)) reads

S =
1

2κ2
0

∫

M̄0

dD0x
√

|g̃(0)|
{
R̃
[
g̃(0)

]
− 2Λ(c)eff

}
+

+
1

2

∫

M̄0

dD0x
√
|g̃(0)|

{
−g̃(0)µνψ,µψ,ν −m2

(c)ψψ
}
−

− 1

2

∫

M̄0

dD0x
√
|g̃(0)| {FµνF

µν−

− 2

√
d1

(D0 − 2)(D − 2)
κ0ψFµνF

µν

}
+ . . . , (4.9)

where we used the notations of Eq. (2.27) and fluctua-
tions η and ψ are connected with each other as follows:

η = κ0

√
D0 − 2

d1(D − 2)
ψ . (4.10)

As mentioned above, κ2
0 = 8π/M 2

Pl is the D0-
dimensional (usually D0 = 4) gravitational constant.
In Eq. (4.9) we normalize the electromagnetic field as:
(a(c))

d1/(D0−2)Fµν −→ Fµν and the last term there des-
cribes the interaction between gravitational excitons
and photons. In a tree-level approximation this term
corresponds to the diagram at Fig.1 and describes a

Figure 1: Decay of a gravitational exciton into two
photons.

gravitational exciton decaying into two photons. For

the probability of this decay we can easily get the esti-
mate

Γ ∼
(

1

MPl

)2

m3
(c) =

(
m(c)

MPl

)3
1

TPl
, (4.11)

which results in a life-time of the gravitational excitons
with respect to this decay

τ =
1

Γ
∼
(
MPl

m(c)

)3

TPl . (4.12)

This equation shows that for excitons with masses
m(c) ≤ 10−21MPl ∼ 10−2GeV ∼ 20me (where me is
the electron mass) the life-time τ ≥ 1019sec > tuniv ∼
1018sec is greater than the age of the universe. Thus,
gravitational excitons are very weakly interacting par-
ticles and can be considered as Dark Matter (DM). The
type of the DM depends on the DM particle masses.
It is hot for mDM ≤ 50 − 100eV , warm for 100eV ≤
mDM ≤ 10KeV and cold for mDM ≥ 10 − 50KeV .
The gravitational exciton masses are defined by the

scales of compactification: m(c) ∼
(
a(c)

)
−(D−2)/(D0−2)

(Günther, Zhuk 1997a,b). It is clear that it is har-
dly possible to use the diagram at Fig.1 to estimate
from experiments the gravitational exciton masses and
respectively the scale of the internal spaces compacti-
fication. The reason consists in the term 1/MPl in the
vertex of the diagram. However, by analogy with axi-
ons (Gnedin 1997a,b, 1999) it is possible that in strong
magnetic field there can occure oscillations between
gravitational excitons and photons which are described
by the diagram at Fig.2, which corresponds to an in-

Figure 2: Conversion of a gravitational exciton into a
photon in the presence of a strong magnetic backgro-
und field.

teraction term Leff ∼ κ0ψF
µν
extfµν . F µν

ext is an external
magnetic field and fµν describes photons. The proba-
bility of magnetic conversion of gravitational excitons
into photons (and vice versa) can be much greater then
(4.11) and will result in observable lines in spectra of
astrophysical objects.
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5. Multidimensional perfect-fluid cosmology

with stable compactified internal dimensions

Here we present a toy example of a multidimensio-
nal cosmological model (MCM) which shows the princi-
pal possibility to achieve a postinflational Friedmann-
Robertson-Walker dynamics for the external (D0 =
4)−dimensional space-time keeping the internal factor
spaces stable compactified. This model is out of the
scope of MCM with stable compactification found in
(Günther, Zhuk 1997a,b). The main difference con-
sists in an additional time-dependent term in the ef-
fective potential that provides the needed dynamical
behaviour of the external space-time. This term is in-
duced by a special type of fine-tuning of the parame-
ters of a multicomponent perfect fluid. Although such
a fine-tuning is a strong restriction on the matter con-
tent of the model, many important cases of physically
interest are described by this class of perfect fluid. We
note that a similar class of perfect fluids was conside-
red in (Kasper, Zhuk 1996), where MCMs were integra-
ted in the case of an absent cosmological constant and
Ricci-flat internal spaces. As result particular soluti-
ons with static internal spaces had been obtained. In
this section we show that these solutions are not stable
and a bare cosmological constant and internal spaces
with non-vanishing curvature are necessary conditions
for their stabilization. With the help of suitably chosen
parameters the model can be further improved to solve
two problems simultaneously. First, the internal spaces
undergo stable compactification. Second, the external
space behaves in accordance with the standard Fried-
mann model.

To reach this goal let us start for simplicity from a
homogeneous metric ansatz for the multidimensional
cosmological model

g = gMNdX
M ⊗ dXN (5.1)

= − exp [2γ(τ )]dτ ⊗ dτ +

n∑

i=0

exp [2βi(τ )]g(i),

where we assumed the product manifold given by (1.1)
with all factor spaces Mi, i = 0, . . . , n as Einstein mani-
folds and a foliated external space-time M̄0 = R×M0.
The scalar curvature corresponding to the metric (5.1)
reads

R =

n∑

i=0

Ri exp
(
−2βi

)
+ exp (−2γ) × (5.2)

×
n∑

i=0

di



2β̈i − 2γ̇β̇i +
(
β̇i
)2

+ β̇i
n∑

j=0

djβ̇
j



 .

Matter fields we take into account in a phenome-
nological way as a m−component perfect fluid with

energy-momentum tensor

TM
N =

m∑

a=1

T (a)M

N , (5.3)

T (a)M

N = diag


−ρ(a)(τ ), P

(a)
0 (τ ), . . . , P

(a)
0 (τ )︸ ︷︷ ︸

d0 times

, . . . ,

. . . , P (a)
n (τ ), . . . , P (a)

n (τ )︸ ︷︷ ︸
dn times


 (5.4)

and equations of state

P
(a)
i =

(
α

(a)
i − 1

)
ρ(a), i = 0, . . . , n, a = 1, . . . ,m.

(5.5)

It is easy to see that physical values of α
(a)
i according

to −ρ(a) ≤ P
(a)
i ≤ ρ(a) run the region 0 ≤ α

(a)
i ≤ 2.

The conservation equations we impose on each compo-
nent separately

T (a)M

N ;M = 0. (5.6)

Denoting by an overdot differentiation with respect to
time τ, these equations read for the tensors (5.4)

ρ̇(a) +
n∑

i=0

diβ̇
i
(
ρ(a) + P

(a)
i

)
= 0 (5.7)

and have according to (5.5) the simple integrals

ρ(a)(τ ) = A(a)
n∏

i=0

a
−diα

(a)
i

i , (5.8)

where ai ≡ eβi

are scale factors ofMi and A(a) are con-
stants of integration. It is not difficult to verify that the
Einstein equations with the energy-momentum tensor
(5.3)-(5.8) are equivalent to the Euler-Lagrange equ-
ations for the Lagrangian (Ivashchuk, Melnikov 1995;
Zhuk 1996)

L =
1

2
e−γ+γ0Gijβ̇

iβ̇j − (5.9)

−eγ+γ0

(
−1

2

n∑

i=0

Rie
−2βi

+ κ2
m∑

a=1

ρ(a) + Λ

)
.

Here we use the notation γ0 =
∑n

0 diβ
i.

The Lagrangian (5.9) can be obtained by dimensio-
nal reduction of the action functional (2.6).

Via conformal transformation of the external space-
time metric from the Brans-Dicke to the Einstein
frame:

g = gMNdX
M ⊗ dXN
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= ḡ(0) +

n∑

i=1

exp [2βi(x)]g(i)

= Ω2g̃(0) +

n∑

i=1

exp [2βi(x)]g(i), (5.10)

with Ω2 given by (2.11) we find that the external scale

factors in the Brans-Dicke frame a0 = eβ0 ≡ a and in
the Einstein frame ã0 = eβ̃0 ≡ ã are connected with
each other by the relation

a =

(
n∏

i=1

ediβi

)−
1

D0−2

ã. (5.11)

The energy densities ρ(a) of the perfect fluid compo-
nents are given by (5.8) and with the help of relation
(5.11) can be rewritten as

ρ(a) = ρ
(a)
0

n∏

i=1

a
−ξ

(a)

i

i , (5.12)

where

ρ
(a)
0 = A(a) 1

ãα
(a)
0 d0

(5.13)

and

ξ
(a)
i = di

(
α

(a)
i − α

(a)
0 d0

d0 − 1

)
. (5.14)

For the effective potential (2.15) we get accordingly

Ueff =

(
n∏

i=1

ediβ
i

)
−

2
D0−2

[
−1

2

n∑

i=1

Rie
−2βi

+

+Λ + κ2
m∑

a=1

ρ(a)

]
. (5.15)

We now investigate MCMs containing a special subc-
lass of this effective potential (5.15): potentials with
separating scale factor contributions from internal and
external factor spaces

Ueff =

(
n∏

i=1

ediβi

)
−

2
D0−2

[
−1

2

n∑

i=1

Rie
−2βi

+ Λ

]

︸ ︷︷ ︸
Uint

+

+ κ2
m∑

a=1

ρ
(a)
0

︸ ︷︷ ︸
.

Uext

(5.16)

We will show below, that such a separation on the one
hand provides a stable compactification of the internal
factor spaces due to a minimum of the first term Uint =
Uint(β

1, . . . , βn) as well as a dynamical behaviour of
the external factor space due to Uext = Uext(β̃

0). On
the other hand this separation crucially simplifies the

calculations and allows an exact analysis. The price
that we have to pay for the separation is a fine-tuning
of the parameters of the multicomponent perfect fluid

α
(a)
0 = 2

d0
+ d0−1

d0
α(a)

α
(a)
i = α(a), i = 1, . . . , n, a = 1, . . . ,m.

(5.17)

Only in this case we have

ξ
(a)
i = − 2di

d0 − 1
(5.18)

yielding the compensation of the exponential prefac-
tor for the perfect fluid term in the effective potential

(5.15). The corresponding components ρ
(a)
0 read, re-

spectively,

ρ
(a)
0 = A(a) 1

ã2+(d0−1)α(a)
. (5.19)

Although the fine-tuning (5.17) is a strong restriction,
there exist some important particular models that be-
long to this class of multicomponent perfect fluids. For
example, if α(a) = 1 the a-th component of the per-
fect fluid describes radiation in the space M0 and dust
in the spaces M1, . . . ,Mn. This kind of perfect fluid

satisfies the condition
∑n

i=0 diα
(a)
i = D and is called

superradiation (Liebscher, Bleyer 1985). If α(a) = 2
we obtain the ultra-stiff matter in all Mi (i = 0 . . . , n)
which is equivalent, e.g., to a massless minimally co-
upled free scalar field. In the case α(a) = 0 we get the

equation of state P
(a)
0 = [(2 − d0) /d0] ρ

(a) in the exter-
nal space M0 which describes a gas of cosmic strings
if d0 = 3 : P (a) = −1

3ρ
(a) (Spergel, Pen 1997) and va-

cuum in the internal spaces M1, . . . ,Mn. If α(a) = 1/2
and d0 = 3 we obtain dust in the external space M0

and a matter with equation of state P
(a)
i = −1

2ρ
(a) in

the internal spaces Mi, i = 1, . . . , n.
Let us first consider the conditions for the existence

of a minimum of the potential Uint(β
1, . . . , βn). Accor-

ding to (Günther, Zhuk 1997b) potentials Uint of type
(5.16) have a single minimum if the bare cosmological
constant and the curvature scalars of the internal spa-
ces are negative Ri,Λ < 0. The scale factors

{
βi

c

}n

i=1
at the minimum position of the effective potential are
connected by a fine-tuning condition

Ri

di
e−2βi

c =
2Λ

D − 2
≡ C̃, i = 1, . . . , n (5.20)

and the masses squared of the corresponding gravita-
tional excitons are degenerate and given as

m2
1 = . . . = m2

n = m2
exci

= − 4Λ

D − 2
exp

[
− 2

d0 − 1

n∑

i=1

diβ
i
c

]

= 2
∣∣∣C̃
∣∣∣

D−2
d0−1

n∏

i=1

∣∣∣∣
di

Ri

∣∣∣∣

di
d0−1

. (5.21)
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Further it was shown in (Günther, Zhuk 1997b) that
the value of the potential Uint at the minimum is con-
nected with the exciton mass by the relation

Λint := Uint(β
1
c , . . . , β

n
c ) = −d0 − 1

4
m2

exci . (5.22)

From equations (5.20), (5.21) we see that exciton
masses and minimum position a(c)i = exp β̄i

c are con-
stants that solely depend on the value of the bare
cosmological constant Λ, the (constant) curvature sca-
lars Ri and dimensions di of the internal factor spaces.
This means that we have automatically Ωc = M̄0 from
the very onset of the model. Hence the exciton appro-
ach in the present linear form breaks down only when
the excitations become too strong so that higher or-
der terms must be included in the consideration or the
phenomenological perfect fluid approximation itself be-
comes inapplicable.

Let us now turn to the dynamical behaviour of the
external factor space. For simplicity we consider the
zero order approximation, when all excitations are fre-
ezed, in the homogeneous case: γ̃ = γ̃(τ̃ ) and β̃ = β̃(τ̃ ).
Then the action functional (2.27) with

U(c)eff ≡ Ueff

[
~βc, β̃(τ̃ )

]

= Uint(β
1
c , . . . , β

n
c ) + Uext

[
β̃(τ̃ )

]

≡ Λint + ρ̄0(τ̃ ) (5.23)

after dimensional reduction reads:

S =
1

2κ2
0

∫

M̄0

dD0x
√

|g̃(0)|
{
R̃
[
g̃(0)
]
− 2U(c)eff

}

=
V0

2κ2
0

∫
dτ̃
{
eγ̃+d0 β̃e−2β̃R[g(0)]+

+ d0(1 − d0)e
−γ̃+d0 β̃

(
dβ̃

dτ̃

)2

−

− 2eγ̃+d0 β̃ (Λint + ρ̄0)
}

+

+
V0

2κ2
0

d0

∫
dτ̃

d

dτ̃

(
e−γ̃+d0 β̃ dβ̃

dτ̃

)
, (5.24)

where usually R[g(0)] = kd0(d0 − 1), k = ±1, 0. The
constraint equation ∂L/∂γ̃ = 0 in the synchronous
time gauge γ̃ = 0 yields

(
1

ã

dã

dt̃

)2

= − k

ã2
+

2

d0(d0 − 1)
(Λint + ρ̄0(ã)) , (5.25)

which results in

t̃+ const

=

∫
dã

[
−k+ 2Λint

d0(d0−1)
ã2+ 2κ2

d0(d0−1)

∑m
a=1

A(a)

ã(d0−1)α(a)

]1/2
,

=

∫
dã

[
−k + Λint

3 ã2 + κ2

3

∑m
a=1

A(a)

ã2α(a)

]1/2
, (5.26)

where in the last line we put d0 = 3.
Thus in the zero order approximation we arrived at a

Friedmann model in the presence of negative cosmolo-
gical constant Λint and a multicomponent perfect fluid.
The perfect fluid has the form of a gas of cosmic strings
for α(a) = 0, dust for α(a) = 1/2 and radiation for
α(a) = 1. As 0 ≤ α(a) ≤ 2 , the cosmological constant
plays a role only for large ã and because of the nega-
tive sign of Λint the universe has a turning point at
the maximum of ã. To be consistent with present time
observation we should take

|Λint| ≤ 10−121ΛPl. (5.27)

We note that due to (5.26) and in contrast with (2.27)
the minimum value U(c)eff of the effective potential
in (5.23) cannot be interpreted as a cosmological con-
stant, even as a time dependent one. Coming back
to the gravitational excitons we see that according to
(5.22) the upper bound (5.27) on the effective cosmo-
logical constant leads to ultra-light particles with mass
mexci ≤ 10−60MPl ∼ 10−32eV . This is much less
than the cosmic background radiation temperature at
the present time T0 ∼ 10−4eV . It is clear that such
light particles up to present time behave as radiation
and can be taken into account as an additional term
ρr =

κ2
0Ar/3
ã2 in (5.26). It can be easily seen that

we reconstruct the standard scenario if we consider
the one-component (m = 1) case with α(1) = 1/2,
κ2A(1) ∼ 1061 and κ2

0Ar ∼ 10117. Here we have at
early stages a radiation dominated universe and a dust
dominated universe at later stages of its evolution.

For completeness we note that via equations (5.21)
and (5.22) the value of the effective cosmological con-
stant has a crucial influence on the relation between the
compactification scales of the internal factor spaces and
their dimensions. In the case of only one internal nega-
tive curvature space M1 = Hd1/Γ with R1 = −d1(d1−
1) and compactification scale a(c)1 = 10LPl we have

e.g. the relation Λint = −(d1 − 1)10−2(d1+2)LPl ,
so that the bound (5.27) implies a dimension of this
space of at least d1 = 59 . Taking instead of one in-
ternal space a set of 2-dimensional hyperbolic g−tori{
Mi = H2/Γ

}n

i=1
(Lachieze-Rey, Luminet 1995) with

compactification scale a(c)i = 102LPl it is easy to check
that we need at least n = 29 such spaces to satisfy
(5.27).

Of course, other values of the cosmological constant
lead to other exciton masses and compactification - di-
mensionality relations. So, it is also possible to get
models with much more heavier gravitational excitons.
For Λint = −10−8ΛPl we have e.g. m = 10−4MPl

and the excitons are very heavy particles that should
be considered as a cold dark matter. If we take the
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one-component case α(1) = 1 we get at early times
a radiation dominated universe with smooth transi-
tion to a cold dark matter dominated universe at la-
ter stages. But for this example it is necessary to
introduce a mechanism that provides a reduction of
the huge cosmological constant to the observable value
10−121ΛPl.

6. Conclusion

In the present paper we reviewed some recent re-
sults on inhomogeneous scale factor fluctuations as
they necessarily occure in higher dimensional gravita-
tional models after stable compactification of internal
factor spaces. We showed that such scale factor fluc-
tuations should be interpreted as massive or massless
scalar particles propagating in the external space-time
and interacting with other particles.

As simplest examples we considered lowest order ap-
proximations of the interaction of gravitational exci-
tons with gravitons and photons.

Due to the specific gradient-like coupling terms of
gravitational excitons and gravitons, in the used lo-
west order approximation of the theory an interaction
between them occures only in the presence of a non-
constant scale factor background. For constant scale
factor backgrounds the system is necessarily located in
one of the minima of the effective potential so that an
interaction is only possible via nonlinear (higher order)
coupling terms.

The analysis of the interaction between gravitational
excitons and abelian gauge field showed that due to the
high life-time of gravitational excitons with respect to
the decay channel into photons the excitons should be
interpreted as Dark Matter. Nevertheless, by analogy
with axions it is possible that in strong magnetic fields
there can occure oscillations between gravitational ex-
citons and photons which will result in observable lines
in spectra of astrophysical objects.

The last section of this review was devoted to the
question of compatibility of the considered multidi-
mensional gravitational models with the postinflational
Friedman-Robertson-Walker dynamics of the observa-
ble part of our universe. For this purpose we considered
a MCM with bare cosmological constant and a perfect
fluid as matter source. It can be easily seen that there
are only two classes of perfect fluids with stably com-
pactified internal spaces. These kind of solutions are
of utmost interest because an absent time variation of
the fundamental constants in experiments (Marciano
1984; Kolb, Perry, Walker 1986) shows that at the pre-
sent time the extra dimensions, if they exist, should be
static or nearly static.

The first class (Günther, Zhuk 1997a,b) consists of

models with α
(a)
0 = 0. It leads to the vacuum equ-

ation of state in the external space M0. All other

α
(a)
i (i = 1, . . . , n) can take arbitrary values. This mo-

del can be used for a phemenological description of
a muitidimensional inflationary universe with smooth
transition to a matter dominated stage.

For models of the second class the stability is in-
duced by a fine-tuning of the equation of state of the
perfect fluid in the external and internal spaces (5.17).
This class includes many important particular models
and allows considerations of perfect fluids with diffe-
rent equations of state in the external space, among
them also such that result in a Friedmann-like dyna-
mics. Thus, this class of models can be applied for the
description of the postinflationary stage in multidimen-
sional cosmology. For the considered models we found
necessary restrictions on the parameters which, from
the one hand, ensure stable compactification of the in-
ternal spaces near Planck length and, from the other
hand, guarantee dynamical behaviour of the external
(our) universe in accordance with the standard scena-
rio for the Friedmann model.

This toy model gives a promising example of a multi-
dimensional cosmological model which is not in contra-
diction to observations. Although, a fine-tuning is ne-
cessary to get an effective cosmological constant in ac-
cordance with the present day observations.
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