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ABSTRACT. We derive approximate formulas for the
coordinates and magnification of critical images of a point
source in a vicinity of a cusp caustic arising in the
gravitational lens mapping. In the lowest (zero-order)
approximation, these formulas were obtained in the classical
work by Schneider&Weiss (1992) and then studied by a
number of authors; first-order corrections in powers of the
proximity parameter were treated by Congdon, Keeton and
Nordgren. We have shown that the first-order corrections are
solely due to the asymmetry of the cusp. We found
expressions for the second-order corrections in the case of
general lens potential and for an arbitrary position of the
source near a symmetric cusp. Applications to a lensing
galaxy model represented by a singular isothermal sphere
with an external shear y are studied and the role of the
second-order corrections is demonstrated.
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1. Introduction

The most interesting effects of gravitational lensing in-
volve caustics of the lens mapping. It is well known that
there are only two stable catastrophes of a two-dimensional
mapping: cusps and folds (see, e.g., [7]). In a neighborhood
of a "regular" caustic point any caustic is a smooth curve
formed by the fold points and the smoothness is violated in
the cusp points. Approximate relations for image amplifica-
tions and positions near the caustic have been derived in
classical works [7,8]. These relations represent main contri-
butions of the lensing effects (zero approximation) for a
vanishing distance from a point source to the caustic. In
order to increase the accuracy of the relations, higher order
corrections are needed. The corrections to the solutions of
the lens equations and their amplifications near the folds
have been found in [1,6] up to the first order and in [3,4] up
to the second order (see also [9]). In the neighborhood of
the cusp the first order corrections were treated in [5], and
in more detail in [2]. Here we study the second order cor-
rections.

2. Approximate solutions near the cusp

The normalized gravitational lens equation maps every
point x of the lens plane (image plane) onto point y of

the source plane [7]:

Yy =x-Vo(x), 1)

where q)(x) is a lens mapping potential. In a general case

there are several images x! )(y) of the point source at Yy,
which are represented by a solutions of (1); here (/) stands
for the number of a separate image. Potential q)(x) satisfies
equation A® =2k, k(x) being the normalized surface
mass density on the line of sight. The amplification coeffi-

cient of the point source is K (1)(y)= l/ |J (X(Z)(y)l, where

J(x)= |D(y)/ D(xx is Jacobian of the lens mapping.
We remind that the critical curves of mapping (1) are
determined by equation J (x): 0. The caustic is the im-

age of the critical curve obtained with this mapping.

The standard approach to study the caustic neighbor-
hoods involves approximations to the potential near point
p., of the critical curve by means of a Taylor polynomial.

We use a coordinate system on the source plane such that
the abscissa axis is a tangent to the caustic. We assume
that point p,_ of the critical curve is at the origin of the

lens plane; it is mapped onto the origin of the source
plane; | y2| is the distance from the tangent to the caustic,

¥, being a shift along the tangent. In case when point p,_,

maps onto the cusp point, the axis y, is a joint limit of
tangents to the two branches of the caustic; this will be
referred to as axis of the cusp. We denote
ky= k(O), o =1-k,. Equation (1) near the critical point
can be written as follows:

y, =20, +a,x, —a,x,” +2b,xx, —i—c3x,3 -

—3exx,” —dyx, +3d,x x, + g%, —

2.2 3 3 4

—06g,x, %,  —4fixx,” +A£,x7x, +gyx + . 2

Y2 = ble2 - b1x22 —2a,x,x, + d2x13 -

- 3d1x1x22 + 03x23 —?yclxle2 + f3x24 + f2x14 -

- 6f1.xlzx22 + 4g.1x1x23 - 4g2x13x2 +hx,” + ..
The coefficients of this expansion can be expressed by
means of derivatives of (D(x). In case of constant surface
mass density k(x)=k, we have a, =a,, b =b,, ¢, =c,,
di=d,, §=8=8, I1=/H=/-
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The condition that x =0 represents a cusp point is
b =0. The parameter ¢ that defines a vicinity of the
source to the caustic can be introduces as follows:
y =Y, v, =ty,, x, =t'%,, x, =, . After the substi-
tution into equation (2) we find:

7, =208, — )%, + (26,5 %, —d,%, ) 1+

+ (al)?l2 “3, X%, g%’ ) £+ 3)
o= —20FE o8, + (T —3dFE +
+ f33c‘24)- 1+ (— 3¢,% %, +4g, %%, + h?c;)- £+

This yields the second approximation (in powers of f)
in the neighborhood of the cusp. The lens model parame-
ters are a,,a,,b,,c,,¢,,d,, f5, g, h; furthermore we shall
omit most of the indexes assuming: a=a,, b=b,,
C=C'2, d:d]: f:];’ g:gl.

We look for the solutions of Eq. (3) in the form:
X, =X, +1x,, +1X,, X, =Xy + 1%y, +1°x,, . We write

J&w)=rb, @)+, G)+ sG] @
The problem is reduced to the third order algebraic equa-
tion for x,,:

Cx;o —ayxy -y, =0, (5)
where C =co—a’. Equation (5) has one or three real
y00
4c* 27C°
have one real root if O >0 and three real roots if Q0 <0
(two of the roots are matched for J =0). On the axis

roots depending on the sign of Q= We

v, =0 we have a trivial root xg)) =0 and two additional

real roots x{3¥ =+ ay,/C  for a(dc—az)yl >0. The
(real) expressions for the solutions of (5), that is a zero-
order approximation for x,,, are obtained by means of
Cardano's formula.

For the first coordinate we get:

X0 :%()71 +ax220).

(6)

The first order corrections x;; and x,,, as well as J,
are found in [2, 5].

3. The second order corrections in case of a locally
symmetric cusp

It is an important to note that the first order correction
studied in [2, 5] are related solely to an asymmetry of the
lens mapping with respect to transformation y, - —y,.
We shall say that the lens is locally symmetric near the
cusp if the following conditions are satisfied (with a suffi-
cient accuracy):

)ﬁ(xlv_xz): )ﬁ(xlvxz)a J/2(x1»_xz): _yz(xl’xz)' (7

It is easy to see in virtue of (3) that

b=d=f=0 ®)
and all terms of the first order in ¢ are absent.
Equation (3) in this case takes on the form:
7y =208, —a%, + (0, —3e, 5%, + g6 ) £+
¥y = —2a%%, + 8, + (0 36,50F, +4gER, +AE,) £+

®

We seek for the solutions in the form: X, = x,, +£°x,,,

X, = X,y +1°X,,. We obtain:

1 2 ~2 ~ o~ ~2 2 ~3
X, =—————(4;x + Ayx +A4sy; —C aa
12 803C2E( 3X20)1 4X20 V1) Vs 1)’1):
(10)
A4, =—a‘a, +30a‘a,c —30%a’a,c’ + an
11
+ 0'3(24azcg +8a’h—18ac’c, + 3a1c3),
A,=oun’a, —30261361]c+60'3(2613g—3azccl +
(12)
+aalcz)+ 20'4(18acg+8a2h—9c2c1),
A, =—c’a*a, +30’a’a,c +
(13)

+60" (Zng —3acc, )+ 46° (3cg +2ah).
For the second coordinate we find:

(CB3X220)~/2 + B4x20)712 + By, Y, ), (14)

B, =a’a,—9cu’c,+120%a g, +4c'h , (15)
B, = O'(— 6a’cc, +aa,c* + 4a3g)+
+o’ (8acg +4a’h - 3czcll (10
By=-a‘a, + 0'(3a3c1 +2a2a1c)+
» (17)

+40° (— 3acc, + a2g)+ 40°(ah +2cg).
For the Jacobian we find:
1
J, :m(l3x§0%2 + 1x001 Y5 +15y13 +Isy§): (18)
I,=d’a, +G(3a40l —2a3alc)+ 302(145120c1 -

—aa,c’ —16a3g)— 0'3(16a2h+9c2c1), 1
1, =-ou‘a, +30° (3a3c1 + 2a2alc)+ 60" x

x (18acc, —3a,c* - 22a2g)— 40*(13ah + 6cg), 20

I :—C(a2a1+3aacl), (21)

I, =907 [613(11 + O'(3azc1 - Zaalc)— 22)

— 607 (2ag —cc,)- 40'3h]
Using (4) we get the second approximation formula for
the amplification coefficient of a separate image:

1 1 1 1
=—~— TR l—tzﬁ. (23)
Y VA J
In this derivation we have taken into account that for a
sufficiently small # we have |t2 Jy/J. 0| <1. We denote the

first and the second terms of expansion in powers of ¢ in
the right hand side of (23) as K, ~# and K, ~O(1). We
note that X, does not depend on .

4. Role of the second order corrections

We shall illustrate this role using an example of a sim-
ple lens model, namely the singular isothermal sphere
with an external shear. The normalized surface mass den-
sity of this model is

k= !

X2 x?)

24
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The large-scale external gravitational field causes a tidal same as the exact value, but this coincidence must be con-
shear y [7]. Here (X,,X,) stand for coordinates with an ~sidered as an occasional one). In this case

origin in a galactic center; the corresponding coordinates
in the source plane will be denoted as (Yl Y, )
The lens potential is

X, X,) =X + x2 i—%(xf ~x2), (@5

and the equation (1) takes on the form:
Y,=X11+y—(Xf+X§)’”2], (26)
Y, =X2[1— y—(x? +X§)"”]. @7
It is convenient to  represent  Jacobian
J(X)= |D(Y)/ D(Xl using the polar coordinates
J=1-p" —%(1 +ycos(29)). (28)
The equation of a critical curve J =0 yields:
1+ ycosl(2
Rcr (¢97/) = i/_—yz((p) > (29)

and substitution of (29) to (26, 27) yields the caustic equa-
tion in a parametric form. The critical curves (above) and
corresponding caustics are shown on Fig.1 for three values
of parameter y (we assume that 0 <y <1).

. — =, - = y=03
Xz]_ s . o N —y=05
/ \——y=07
0 ! \
\ !
« y
1 '~ —_ \'\._ -7
5 4 3 2 10 I 2 3 4 5
X
1 1
YZ
0
-1

Figure 1: Critical curves and caustics of singular isothermal
sphere with an external shear (for three values of 7 )

For the cusps we have either ¥, =0 or ¥, =0. Con-
sider, for example, a neighborhood of the cusp with coor-

dinates Y = [12—}/,0). We shall compare exact solutions
-7

with the approximate ones. Let y, =0 for the point

source. In this case there is a solution of (26, 27)

x, =0, x,=y,/(l-y), which is defined for

y,>—(+y)/(1=y). The corresponding Jacobian is

g eri=y)y

Ly + (=7,
are equal to their values obtained in zero approximation.
However, this is not so for the Jacobian because

. In this case the image coordinates

Jy :(l—y)zyl; K, =Sll%§/);1). The exact value of the

amplification in case of y=0.5 is compared on Fig.2
with zero and second approximations (the latter is the

K, ~1.33-sign(y,) and this correction is noticeable even
for rather a small distance from the cusp.
For y, <0, when the source is inside the caustic, there

are two additional solutions of (26, 27), which are sym-
metric with respect to x, -axis. Their coordinates are:

2
M M1 Y
X, ==, x,=% - .
oyt 1) 4
The corresponding Jacobian is:
1—;/3
PRI O el Y
2y
124
K
101
8_
64
4
24
0 T T T T
-4 -2 0 2 4

Figure 2: Comparison of the exact (K) and approximate
values (Kjand Ky+K5) of the amplification

In zero approximation these expressions do not contain
the second order terms. Second approximation for J in this
case is the same as the exact solution; the amplification is

1

8y(1-7)

Fuller consideration of this and other examples have
shown convincingly that the second order corrections in the
solutions of the lens equation allow us to extend appreciably
the domain of validity of the approximation formulae with a
preassigned accuracy. Note also that in this approximation
we take into account the terms in the amplification coeffi-
cient which do not depend upon the vicinity parameter.

defined by (23), and X, =
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